We study the influence of non-magnetic impurity scatterings on the tunneling conductance of a junction consisting of a normal metal and a disordered unconventional superconductor by solving the quasiclassical Eilenberger equation self-consistently. We find that the impurity scatterings in both the Born and unitary limits affect the formation of the Andreev bound states and modify strongly the tunneling spectra around zero bias. Our results are interpreted well by the appearance of odd-frequency Cooper pairs near the interface and by the divergent behavior of the impurity selfenergy. The present paper provides a useful tool to identify the pairing symmetry of unconventional superconductors in experiments.
I. INTRODUCTION
The effects of impurity scatterings on superconducting phenomena are a key issue in the field of superconductivity. While the BCS s-wave pairing state is robust against nonmagnetic impurities 1 , unconventional pairing states with other symmetries are usually rather fragile [2] [3] [4] [5] [6] . The impurity scatterings modify transport and thermodynamic properties of unconventional superconductors, which has a crucial impact on the identification of the pairing symmetry, e.g., in p-wave superconductors [7] [8] [9] . Specifically, the tunneling spectroscopy is an important experimental tool to identify an unconventional superconductor. The formation of the Andreev bound states at the surface of a superconductor is attributed to the anisotropy in the pairing states 7,10-12 displaying a pronounced zero-bias conductance peak (ZBCP) in the tunneling conductance. In some cases, such bound states have a topological origin due to the bulk-edge correspondence [13] [14] [15] [16] [17] [18] [19] [20] [21] . Therefore, the ZBCP in the tunneling conductance strongly suggests unconventional pairing symmetries of a superconductor.
Theoretically, the tunneling spectroscopy is formulated as a differential conductance in a normal metal/superconductor junction. Although effects of the potential disorder on the conductance have been studied in a number of papers, many of them focus on the disorder in the normal metal [22] [23] [24] [25] . Surprisingly, only few attempts have been made at the effects of disorder in the superconductor. Exceptional examples may be the studies about the proximity effect 26 and the ZBCP in high-Tc cuprate junctions. It is found that the brodened ZBCP can be explained by the impurity scatterings in the superconductor or the surface roughness [27] [28] [29] [30] . Although pwave or chiral p-wave superconductors are a recent topic of interest, effects of disorder in such superconductors have not yet been systematically studied. For instance, we have never known if the dome-like subgap conductance in chiral p-wave superconductors [31] [32] [33] is robust or not in the presence of impurities. Similarly, chiral d-and chiral f -wave symmetries have been recently suggested to explain the absence of spontaneous edge currents in Sr 2 RuO 4 34,35 , where the sensitivity of the chiral edge current to potential disorder depends on chiral pairing symmetries 36 . Several theoretical papers propose that doped graphene at a van Hove singular point may develop a chiral d-wave pairing state [37] [38] [39] [40] , which may be sensitive to weak impurity potentials treated within the Born limit. Furthermore, there are increasing evidences that suggest the strong impurity potential in Sr 2 RuO 4 [41] [42] [43] [44] . Theoretically, such strong impurities scatterings should be described by the unitary limit 45, 46 . As a result, a plethora of novel systems require a detailed analysis of the impurity effects on unconventional pairings in both weak and strong impurity limits.
In this article, we present a self-consistent calculation of the tunneling spectra in a normal-metal/disorderedsuperconductor junction with flat or chiral surface band states. For the former case, occurring in nodal superconductors, we find that the symmetry of the emergent odd-frequency pairing states 25,47-50 plays a pivotal role in determining the evolution of the ZBCP under the impurity scatterings. As for chiral superconductors, our results show that the influence of the impurity scattering on the zero bias conductance in the unitary limit is more pronounced than that in the Born limit. It is important to emphasize that the disorder strength we consider is still below the diffusive (or Usadel) limit 51 . In that case, the strong pair-breaking effect would make the unconventional superconductor gapless.
arXiv:1604.05859v2 [cond-mat.supr-con] 21 Apr 2016 2 The remainder of this paper is organized as follows. In section II, we describe our model and derive the essential formulas. In section III, we discuss impurity effects in junctions with nodal superconductors. The order parameters and tunneling spectroscopy are studied. In section IV, we show our result for chiral superconductors. Some concluding remarks are given in section V.
II. MODEL AND FORMALISM
Let us consider a two-dimensional normal metalsuperconductor junction with a flat interface at x = 0 as shown in Fig.1 . The interface barrier potential is de- scribed by a delta function V (x) = Hδ (x), with H the potential strength. The normal metal (x < 0) is assumed to be clean while the superconductor (x > 0) has a uniform impurity distribution. We denote the quasiclassical Green's function [52] [53] [54] [55] byĝ αα (iω n , x, θ α ), with Matsubara frequency ω n = (2n + 1)πT , temperature T , and an integer n. θ ± is given by θ + ≡ θ ∈ [−π/2, π/2] and θ − = π − θ. We focus on the spin-degenerate system whereĝ αα (iω n , x, θ α ) is a 2 × 2 matrix in particle-hole space satisfying Eilenberger equation
accompanied by the normalization condition (ĝ αα ) 2 = −1. Here v f is the quasi-particle Fermi velocity andτ i are Pauli matrices.∆(θ α , x) andâ (x) are the superconducting order parameter and the self-energy induced by impurities, respectively. In the normal metal region, ∆(θ α , x < 0) =â (x < 0) = 0. We consider superconductors with different kinds of pairing symmetries: d xy , p x , p y , and chiral states, so it is convenient to express the order parameter in the superconducting side x > 0 aŝ
For d xy -, p x -, and p y -waves, ∆ 1 (x, θ α ) = 0 and the gap equation ∆ 2 (x, θ α ) = ∆ (x) χ (θ α ) is given by using the quasi-classical Green's function as
where χ (θ α ) is chosen as cos θ α (p x -wave), sin θ α (p ywave), and sin 2θ α (d xy -wave). T c and ω c are the critical temperature of the bulk superconductor and the Debye frequency, respectively. For chiral wave states,
We only consider the cases with chiral p-wave (λ = 1), chiral d-wave (λ = 2), and chiral f -wave (λ = 3).
The self-energy in the superconducting side can be decomposed asâ = a 1τ1 + a 2τ2 + a 3τ3 and is connected to the quasiclassical Green's function by
withĝ αα = i g αα iτ i . Here, 1/τ and σ denote the normal scattering rate and strength of a simple impurity potential, respectively. In the Born limit one finds that σ → 0, while in the unitary limit σ → 1, resulting in
In the superconducting region, the Riccati parameterization 57-59 iŝ
The Riccati parameters G S ± , F S ± obey the equations
with the definitions
At the interface x = 0, we have the boundary conditions 57,59-61
with R = Z 2 / Z 2 + 4 cos 2 θ , Z = 2mH/k f , m the electron mass, and k f the Fermi momentum. In this work, we only consider the low transmitting case with fixed Z = 5. The local density of states (LDOS) ρ S is given by
(10) To obtain the conductance, we write down the wave functions in terms of the Riccati parameterḠ
with a, b (c, d) reflection (transmission) amplitudes. Using BTK theory 62 , we obtain the normalized differential conductance
dθ cos θσ N the conductance in normal states. In the numerical calculations, we take the temperature T = 0.05T c . For convenience, we do not consider thermodynamic phenomena and assume the Debye frequency ω c = 2π for all the considered pairing states. To summarize, we presented a general symmetry analysis of a model Hamiltonian describing a two-dimensional SNS junction, including an arbitrarily oriented magnetic Öeld, both Rashba and Dresselhaus spin-orbit interaction, and disorder and other structural asymmetries. We related basic properties of the anomalous current and the critical currents to the absence or presence of speciÖc ingredients in the Hamiltonian, thereby providing a qualitative connection between easily measurable quantities and the relative strength of the di §erent underlying mechanisms. We supported our analysis with numerical calculations of the Josephson current, agreeing with the qualitative predictions we made.
In conclusion, we have studied the Josephson e §ect in a junction between a topological and an ordinary (topologically trivial) superconductor. Within the quasi-one-dimensional model they are characterized by an odd and even number of channels, respectively. A topological superconductor inevitably breaks timereversal symmetry at its end, which leads to the appearance of an unpaired Majorana mode at zero energy. We have derived general expressions (7) and (8) for the supercurrent for a class of short topological junctions in terms of the normal-state scattering matrix S. For the minimal model of the junction with two channels and one channel in the leads, the current (13) explicitly depends on the four invariants of the scattering matrix (11) . The result (13) is strongly asymmetric with respect to the two superconducting gaps 0 and top. We have also applied the general result to a model of a pointcontact setup with a TS with parabolic spectrum and strong spin-orbit coupling in an external magnetic Öeld. We found a parametrically strong suppression of the critical current Ic top/R2 N at low transparency. This behavior persists if a tunnel barrier is implemented into the junction. We believe that such suppression could be observed in experiment. At the same time, the supercurrent suppression is not universal and a generic perturbation of the model may parametrically enhance the critical current. This is established with the help of random matrix theory applied to a generic junction with three channels. For the point-contact setup we study a particular perturbation and Önd that while lifting the supercurrent suppression it also drives the system from zero-junction to /2-junction behavior.
In summary, we demonstrate the successful trapping and detection of an electron ensemble above the surface of superáuid helium in the circuit QED architecture. The measurement technique we introduce here could extend traditional electrons on helium experiments to smaller ensembles and enable observation of the electron dynam-ics. The observation of the large dispersive shift and the good agreement with our numerical simulations indicate that it should be possible to perform cavity QED experi-ments in a single electron quantum dot. Though small, the áuctuations in the helium Ölm thickness are an important source of decoherence for the electron motional states, and merit further study. Finally, the sensitivity of the device to helium thickness changes can be exploited for novel cavity optomechanics experiments with superáuid ripplons.
To summarize, we presented a general symmetry analysis of a model Hamiltonian describing a two-dimensional SNS junction, including an arbitrarily oriented magnetic Öeld, both Rashba and Dresselhaus spin-orbit interaction, and disorder and other structural asymmetries. We related basic properties of the anomalous current and the critical currents to the absence or presence of speciÖc ingredients in the Hamiltonian, thereby providing a qualitative connection between easily measurable quantities and the relative strength of the di §erent underlying mechanisms. We supported our analysis with numerical calculations of the Josephson current, agreeing with the qualitative predictions we made.
In summary, we demonstrate the successful trapping and detection of an electron ensemble above the surface of superáuid helium in the circuit QED architecture. The measurement technique we introduce here could extend traditional electrons on helium experiments to smaller ensembles and enable observation of the electron dynam-ics. The observation of the large dispersive shift and the good agreement with our numerical simulations indicate that it should be possible to perform cavity QED experi-ments in a single electron quantum dot. Though small, the áuctuations in the helium Ölm thickness are an important source of decoherence for the electron motional states, and merit further study. Finally, the sensitivity of the device to helium thickness changes can be exploited for novel cavity optomechanics experiments with superáuid ripplons. 
III. NODAL SUPERCONDUCTORS WITH FLAT SURFACE BANDS A. Order parameter and odd-frequency
First, we show the spacial variation of the order parameter amplitude in the left panels of Fig.2 . Three regimes are considered: ballistic, Born, and unitary limit. In the ballistic case, the relaxation time becomes infinite so we set 1/τ = 0. For Born and unitary limit, it is given by 1/τ = 0.2∆ b , where ∆ b is the bulk value of the order parameter (in ballistic case, the value of the order parameter ∆ b is denoted by ∆ 0 ). We define the superconducting coherence length as ξ b = v f /∆ b . We can see that for p xand d xy -wave cases, the order parameters with or without impurities strongly decrease when they approach the interface. However, for the p y case, the order parameter is almost invariant in space. For the following discussion of conductance spectra in this subsection, we plot the odd-frequency pairing states in the right panels of Fig.2 . The anomalous Green's functionF = α [ĝ αα ] 12 can be decomposed into an even-frequency component F e (iω n , θ) =F e (−iω n , θ) and an odd-frequency onē It can be seen from the results that as the order parameter decreases in p x -and d xy -wave cases, a large value of odd-frequency component is generated near the interface which determines the shape of Cooper pairs to be sand p y -wave, respectively 64 . One can compare the magnitudes of odd-frequency components in the presence of impurities with the ballistic case to find that the generated s-wave odd-frequency magnitude is not sensitive to the impurity scattering which is consistent with the Anderson theorem 1 . In the d xy -wave case, the non-s-wave odd frequency component is strongly suppressed as the impurity scattering is introduced. For p y -wave case, the odd-frequency component is very small while the dominant pairing near the surface is even-frequency. 
B. Tunneling spectroscopy
We plot the normalized conductance σ t for spin-triplet p x -wave in Fig.3 . For comparison, we also show the non- self-consistent (non-SCF) result (light gray line) and the LDOS ρ t = ρ S /ρ n at the interface x = 0, with ρ n the density of states in the non-superconducting state. Although the p x -wave superconductor has not been found in actual materials, it is becoming a topic of interest as a prototype for topological superconductivity [13] [14] [15] [16] [17] [18] [19] [20] [21] and an increasing effort is dedicated to designing p x -wave superconductors using materials with strong spin-orbit coupling [67] [68] [69] [70] [71] . Our numerical calculation verifies the results of Ref. 71 about the robustness of the sharp ZBCP against impurities. Furthermore, we find that not only the height of ZBCP is robust but also the width does not broaden. For eV ≈ ∆ b , the ballistic case shows a sharp coherence peak which is smeared away in the presence of impurities. This is due to the energy level broadening by impurity effect as concluded from the angle-resolved conductance spectra σ θ /σ n plotted in Figs.3(d) Fig.4 . Although in the ballistic limit both p x -and d xy -wave superconductors show a sharp ZBCP, their conductance spectra under impurity scattering are quite different. The ZBCP for d xy -wave broadens and is suppressed by impurities, specially in the Born limit. Figs. 4(d)(e) show a smeared low energy conductance in the angle-resolved conductance spectra compared to the ballistic case of Fig. 4(c) . The impact of impurities on the ZBCP is shown in Fig. 5 for p x -(black squares) and d xy -wave (red triangles). Figs. 5(a)(b) show the evolution of the ZBCP as a function of the impurity scattering rate in the Born and unitary limits, respectively. The ZBCP for p x -wave pairing is unaffected by changes in the scattering rate or the impurity strength, shown in Fig. 5(c) . On the other hand, the ZBCP for d xy -wave pairing is very vulnerable to the presence of impurities, becoming rapidly suppressed. Next, we show the results for p y -wave junctions in Fig.6 . In this case, the Andreev bound state is absent, resulting in a sharp zero bias conductance dip in the ballistic limit. For a fixed impurity density level, we find that the dip structure is more pronounced in the Born limit while it is greatly enhanced and smeared in the unitary limit. These three typical behaviors of zero bias conductance in nodal superconductors can be well interpreted from the symmetry of odd-frequency pairings and the divergent behavior of the self-energy. In the bulk, the Green's functionĜ (E, θ) = αĝ αα (E, θ α ) is only divergent when the energy locates at continuum levels. However, in the junction system, the spacial dependent Green's function G (E, x, θ) can also develop a divergence near the surface (or interface) x = 0 due to the emergent Andreev bound state at E = E b , θ = θ b . For surface flat bands forming at angles connecting gap nodes, according to Eq.4, the magnitude of the components a i of the self-energŷ a (E = 0, x = 0) in the Born limit is expected to surpass that of their counterparts in the unitary limit for the same scattering rate 1/τ . Consequently, the ZBCP should be more sensitive to impurities in the Born limit than in the unitary limit, explaining the behavior of the d xy -wave case. Further, we can also consider the symmetry of Cooper pairs near the interface. As previously discussed in Fig.2 , Cooper pairs at the interface of p xwave and d xy -wave junctions are odd in frequency. For p x -wave, Fermi-Dirac statistics impose that Cooper pairs form a spin-triplet isotropic s-wave state, making the pairings, together with the ZBCP, insensitive to impurities. This is a consequence of the ZBCP for p x -wave junctions being protected by chiral symmetry 71 . For pairing symmetries like d xy -wave, Cooper pairs form an odd-frequency spin-singlet p-wave pairing state which is dominant near the surface. Due to the anisotropy of the state, the ZBCP is more fragile. For pairing symmetries supporting no Andreev bound states, like the p y -wave case, Ĝ (E, x = 0, θ) θ is approximately zero when the energy E is away from the continuum levels, which makes (a) (c) (e) the self-energy a i more stronger in the unitary limit than in the Born limit. Thus, the conductance is more sensitive in the unitary limit as it is shown in Fig.6 .
IV. GAPFUL SUPERCONDUCTORS WITH CHIRAL SURFACE BANDS
In this section, we show the results of superconductors with chiral edge states. There is an increasing amount of evidence supporting that Sr 2 RuO 4 is a candidate for a chiral p-wave superconductor [41] [42] [43] [44] . The gap parameter has the form d ∝ (k x + ik y ) λê z , whereê z is a unit vector along the tetragonal crystal c-axis and λ = 1. However, such a chiral triplet superconductor features a spontaneous edge supercurrent which has not yet been observed in experiments. Several theories have suggested that λ could be larger than 1, e.g., λ = 2 (chiral d-wave) or λ = 3 (chiral f -wave), leading to a suppression of the edge current 34, 35 . Consequently, it is crucial to study the transport signatures of chiral d-or chiral f -wave states in Sr 2 RuO 4 . The study of chiral d-wave superconducting states is also relevant since it has also been proposed in other systems, e.g., in doped-graphene [37] [38] [39] [40] . First, we plot the spacial variance of order parameters in Fig.7 . Chiral p-, d-, and f -waves display a similar behavior. The real and imaginary components of the order parameter vary in a different way as they approach the interface: one is slightly enhanced (real part for chiral d-wave and imaginary for chiral p-and f -wave), to a value denoted by ∆ in at the interface, and the other is greatly . We now proceed to discuss the conductance and LDOS. In Fig.8 , we show our results for chiral p-wave junctions. Compared to the non-SCF case (gray line), the domelike ZBCP 31-33 is still visible with or without impurity scattering, although reduced. Actually, the height of the ZBCP has a very weak dependence on the impurity potential. A conductance peak appears near the bulk gap eV ≈ ∆ b , especially sharp in the ballistic limit. Also in the ballistic case, there are double peaks in the LDOS located at the position of ∆ b and ∆ in [see Fig. 7(b) ] 75 . The subgap LDOS at the interface is finite and almost constant, just slightly convex, revealing the existing chiral Andreev bound state across the region −∆ b < E < ∆ b . We note that although the value of the ZBCP and the subgap conductance qualitatively agrees with the experiments, the obtained SCF result does not reproduce the full tunneling spectra in Sr 2 RuO 4 76,77 . Thus, we consider that the self-consistent calculation in the framework of 3-bands model 43 in Sr 2 RuO 4 is needed in the future. Fig. 9 shows the LDOS and conductance spectroscopy for chiral d-wave superconductors. As can be seen from the LDOS in panel (b), the double peak structure outside the gap in the ballistic limit is prominent and still visible for the unitary case at 1/ (2τ ∆ b ) = 0.1, while the peak at E = ∆ b is absent in the Born limit. For the conductance spectroscopy shown in panel (a), we emphasize the absence of ZBCP. The conductance features a wide concave bottom gap and its minimum is barely affected by the impurity scattering. Besides that, the double peak structure outside the gap is more visible in the conductance spectroscopy in the ballistic and unitary limits. The angle-resolved conductance spectra in Fig. 9 (c)(d)(e) display double chiral states owing to a Chern number ch = 2 78, 79 . Finally, we show the results for chiral f -wave states in Fig.10 . The subgap conductance and LDOS are similar to chiral d-wave states as seen in panels (a) and (b). In the ballistic limit, the conductance peak at eV ≈ ∆ b becomes small as compared to chiral p-and chiral d-wave case. The impurity effect does not change the bottomlike characteristic of conductance and LDOS inside the bulk gap. Here, the Chern number ch = 3 manifests three chiral Andreev bound states inside the gap as seen in Fig. 10(c)(d)(e) . However, the slopes of the states are much higher than those of chiral p-and chiral dwave pairings, reducing their contribution to the angleaveraged conductance. As a result, there are no ZBCP for the parameters we have used. Due to the characteristics of the tunneling spectroscopy and LDOS for chiral superconductors, it is convenient to discuss the impurity effect in three separated energy regions: (1) E ∼ 0; (2) E ∼ ∆ b ; (3) E ∼ ∆ in . Similarly to the previous section, let us focus on the divergence of the Green's functionĜ (E, θ). Compared to the flat surface bands, the density of zero energy states is greatly reduced leading to a finite but relatively small value of angle-averaged Green's function Ĝ (E = 0, x = 0, θ) θ . Thus, for the same scattering rate 1/τ , the magnitude of the components a i of the selfenergyâ (E = 0, x = 0) is more pronounced in the unitary limit than in the Born limit. Consequently, the zero (∼) means the zero bias conductance is approximately similar (slightly increased). − (−−) means a decrease (strong decrease) of conductance with respect to the ballistic limit.
bias conductance and LDOS are more sensitive in the unitary limit. For E ∼ ∆ b and E ∼ ∆ in , the appearance of continuum bands greatly enhances Ĝ (E, x = 0, θ) θ and makes the self-energy terms a i smaller. As a result, the unitary limit would retain the double peak structure mostly outside the bulk gap ∆ b (e.g., see panel (b) of Fig.9 ). It is also easy to understand that the steep structure in the conductance and LDOS near E ∼ ∆ b in the ballistic limit disappears easily in the Born limit. We have summarized the behavior of zero bias conductance in Table I .
V. CONCLUSION
In conclusion, we have theoretically studied the tunneling spectroscopy in normal metal-disordered unconventional superconductor junctions at low transparency for various pairing symmetries. For nodal superconductors with flat surface bands, the influence of the impurity scattering can be classified into three types according to the behavior of zero bias conductance: (1) when Cooper pairs at the surface have odd-frequency s-wave symmetry, the zero-bias conductance peak is immune to the impurity scattering; (2) for non s-wave odd-frequency pairing, the zero-bias conductance peak is strongly suppressed by impurities; and (3) in the accidental absence of Andreev bound states, the zero bias conductance dip is easily smeared by impurities in the unitary limit.
For chiral superconductors, we have shown the selfconsistent result of conductance spectra and found that a zero-bias conductance peak for chiral p-wave pairings remains in the presence of impurities. The zero bias conductance for chiral waves is more sensitive to impurity scattering in the unitary limit than that in the Born limit. Moreover, the double peaks occurring in the LDOS and conductance spectra at the gap edges for all chiral waves are very sensitive to impurity scattering and are especially blurred in the Born limit. We expect that our results can be exploited for the experimental identification of pairing symmetries by analyzing the tunneling spectroscopy of unconventional superconductors.
